
Dynamical Systems

Exam 20 January 2025

The exam consists of 4 questions. You have 120 minutes to do the exam. You can
achieve 50 points in total which includes a bonus of 5 points. The number of points
per question are given in square brackets.

1. [9 points in total] Each of the following time-continuous systems depends on a parameter
a ∈ R.

(a) For the following one-dimensional systems, sketch the bifurcation diagram including
representative phase portraits and classify the bifurcations of equilibrium points.

i. [3 pts] x′ = x cosx+ ax,

ii. [3 pts] x′ = x sinx+ ax.

(b) [3 pts] For the planar systems

r′ = r − r3,
θ′ = a+ sin θ,

where r and θ are polar coordinates, sketch representative phase portraits in the
Cartesian coordinate plane and sketch the bifurcation diagram in a diagram θ versus
a.

2. [9 points] Consider the planar systems

X ′ =

(
2a b
−b 0

)
X

with parameters a, b ∈ R. Sketch the regions in the (a, b) plane where this system has
different types of canonical forms. In each region give the canonical form and sketch the
phase portrait of the system in canonical form.

3. [15 points in total] Let f : R2 → R be defined as

f(x, y) =
1

2
y2 − 1

3
x3 + x

for (x, y) ∈ R2.

(a) Consider the gradient system X ′ = F (X) with F = −∇f and X = (x, y) ∈ R2.

i. [2 pts] Show that the system has the equilbirium points (x−, y−) = (−1, 0) and
(x+, y+) = (1, 0), and show from the linearization that (x−, y−) is asymptotically
stable und that (x+, y+) is a saddle.

ii. [3 pts] Sketch the phase portrait of the system including the stable und unstable
curves of (x+, y+). (Hint: it can be helpful to also use the nullclines.)

– please turn over –



iii. [3 pts] Construct a strict Lyapunov function as L = f + c for the equilibrium
(x−, y−) = (−1, 0) by choosing the real constant c and the domain of L in a
suitable way to obtain the full basin attraction of (x−, y−)) from the Lyapunov
Stability Theorem.

(b) Consider now the Hamiltonian system X ′ = F (X) with F = (fy,−fx) and X =
(x, y) ∈ R2.

i. [2 pts] Show that the system has the equilbirium points (x−, y−) = (−1, 0) and
(x+, y+) = (1, 0), and show from the linearization that (x+, y+) is a saddle.

ii. [3 pts] Sketch the phase portrait of the system including the stable und unstable
curves of (x+, y+).

iii. [2 pts] Construct a Lyapunov function as L = f+c for the equilibrium (x−, y−) =
(−1, 0) by choosing the real constant c and the domain of L in a suitable way to
show that (x−, y−) is Lyapunov stable.

4. [12 points in total]

(a) [9 pts] Let t : [0, 1] → [0, 1] be defined as t(x) = 3x mod 1, x ∈ [0, 1]. Show that
the discrete-time system xn+1 = f(xn) with xn ∈ [0, 1] for n = 0, 1, 2, . . ., satisfies all
three conditions of Devaney’s definition of chaos.

(b) [3 pts] Let I and J be compact intervals in R. Show that if the discrete-time system
xn+1 = f(xn) with f : I → I and xn ∈ I for n = 0, 1, 2, . . . has dense periodic points
and is topologically conjugate to the discrete-time system yn+1 = g(yn) with g : J → J
and yn ∈ J for n = 0, 1, 2, . . ., then also the latter system has dense periodic points.
























